We report a novel coherent excitation phenomenon in a heterogeneous network of coupled FitzHugh-Nagumo elements. It is demonstrated that dynamical rewiring in the network can play a constructive role to bring on coherent excitations. The coherence factor as the function of rewiring time interval represents a nontrivial phenomenon which is a fingerprint of coherence resonance. We call this resonant behavior caused by dynamical wiring changes the network-rewiring-induced coherence resonance. The mechanism can be understood by the effective noise played by the rewiring process. © 2009 American Institute of Physics. ͓DOI: 10.1063/1.3076398͔
We report a novel coherent excitation phenomenon in a heterogeneous network of coupled FitzHugh-Nagumo elements. It is demonstrated that dynamical rewiring in the network can play a constructive role to bring on coherent excitations. The coherence factor as the function of rewiring time interval represents a nontrivial phenomenon which is a fingerprint of coherence resonance. We call this resonant behavior caused by dynamical wiring changes the network-rewiring-induced coherence resonance. The mechanism can be understood by the effective noise played by the rewiring process. © 2009 American Institute of Physics. ͓DOI: 10.1063/1.3076398͔
Coherence resonance ͑CR͒ has been well known in excitable systems driven by external noises. Typically, optimized moderate noise strength generates best regular oscillations. In this report, we demonstrate that in a network composed of excitable elements, the rewiring of connections in the network can effectively play the role of noise and induce coherence resonance at an optimized rewiring rate. The networkrewiring-induced resonant behavior could be significant in the understanding of the abundant effects of evolving complex networks.
Recent advances in the study of complex networks have witnessed a shift of research interest from static networks to evolving ones. [1] [2] [3] [4] [5] [6] [7] In the real-world systems, such as, biological, epidemiological, and social networks, both the coupling between the nodes and the topological structure of network can be dynamically evolvable. Due to the relevance to a wide variety of phenomena, synchronization behaviors in these evolving complex networks have attracted extensive attention. [1] [2] [3] [4] Recently, the synchronization over a network of moving chaotic agents was reported 4 and provides a promising model for clock synchronization in mobile robots or task coordination of swarming animals. Dynamical behaviors in neuronal networks, especially the strength of connections between neurons is activity-dependent and changeable. Ongoing research of structural plasticity in the adult brain, including synapse formation/elimination and remodelling of axons and dendrites, revealed that the cortical wiring diagram can also be changed by learning activities. [8] [9] [10] Further understanding of these advances in diverse disciplines requires extensive investigations on evolving complex networks.
In this paper, we demonstrate that dynamical wiring changes in complex networks can induce constructively coherent synchronized excitations in the network. The behavior is an exceptional example of coherence resonance ͑CR͒. [11] [12] [13] [14] CR is also called autonomous stochastic resonance because no external periodic signal is needed in contrary to the conventional stochastic resonance. This nontrivial phenomenon was recently demonstrated in small-world networks driven by spatially correlated noise. 15 Experimental evidence of CR has also been observed in the coherence between spinal and cortical neurons in the somatosensory system of the anesthetized cat. 16 With a small-world network composed of nonidentical elements, we report that when the connections in the network are rewired in a time interval , the best coherence of excitations can be achieved at an intermediate optimized value of the rewiring interval . The phenomenon is thus a coherence resonance induced by rewiring in complex networks.
The system we consider is a network composed of N FitzHugh-Nagumo ͑FHN͒ elements. FHN is a typical model for excitable media, especially for neuronal systems. 17, 18 The dynamical evolution of an element in the network is determined by the following equations:
where the Laplacian matrix of the network L ij ͑t͒ = A ij ͑t͒ − k i ͑t͒␦ ij , A ij ͑t͒ is the adjacent matrix of the network, and g measures the coupling strength. k i ͑t͒ = ͚ j=1 N A ij ͑t͒, is the degree of node i. a i is the control parameter. Each isolated FHN element in the network has only one stable fixed point when ͉a͉ Ͼ 1.0 while a limit cycle appears when ͉a͉ Ͻ 1.0. When ͉a͉ is slightly larger than 1.0, the system is excitable. In our model, we assume that a i is inhomogeneous and is distributed uniformly in the range a i ͑1 , 1.1͒. The system is therefore composed of N elements with nonidentical excitability. They are initially organized into a network of Watts-Strogatz small-world topology, 19 which is constructed by rewiring a ring of 2K-nearest neighbor nodes with probability p ͑0 Ͻ p Ͻ 1͒. We further assume a dynamical rewiring scenario in the network, that is, as the system evolves according to Eqs. ͑1͒ and ͑2͒, where each connection in the network is rewired with probability p re every time interval . When a link is rewired, both ends of this link are shifted to two new nodes which are selected uniformly at random and have not connected in the last time interval . Equations ͑1͒ and ͑2͒ are integrated numerically by using Euler's algorithm with = 0.01 and with different coupling strength g and rewiring probability p re . The initial conditions for the elements are always random.
When the network is static without any rewiring, i.e., p re = 0, no excitation persists and the network always resorts to the stable state with each element setting down to its stable fixed point. With a nonzero p re , we observe that a too fast ͑small ͒ or too slow ͑large ͒ rate of rewiring of the network cannot induce sustained pulse trains. It is with a moderate rewiring interval that persistent excitations appear. Figure 1 demonstrates the spatiotemporal excitations of elements with three different rewiring intervals. Both before switching on the rewiring and after switching off the rewiring no emitted spike trains are observed. Obviously it is the rewiring process that results in the excitations. At = 0.04 or = 0.3, the excitations are continuously sustained but are rather irregular ͑top and bottom panels͒. Quite regular pulses come out at an optimal interval with = 0.11 ͑middle panel͒. The phenomenon is in close resemblance to CR induced by either external or intrinsic noise, [11] [12] [13] [14] or by effective noise of fast deterministic dynamics. 20 Besides, the spatiotemporal excitations in the network are well synchronized, with the pulses fired almost simultaneously. The phenomenon of synchronized excitation is closely related to the high degree of integrity of the network. Due to constant rewiring of the links, nodes in the network can communicate effectively with each other so that local activities can be integrated in a global and coherent dynamics.
To quantitatively measure the coherence of the emitted spike trains in the network, we adopt the parameter of sharpness S i for each element i in the network, 13 which is calculated from the mean and variance of the pulse intervals of adjacent firing events T k i = t k+1 i − t k i according to
The coherence factor of the whole network S is similarly defined, but is averaged over both time and space. Besides we have determined the time between two successive firings and calculated the mean firing interval ͑MFI͒, which can be regarded as the measurement of the time scale of interspike period. Figure 2 ͑top panel͒ illustrates the coherence factor S as a function of the rewiring time interval . There is always a maximal coherence which is achieved at a moderate value of . The tent-shaped S-curve is a clear fingerprint of CR.
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The behavior is exceptional in that the noise intensity is replaced here by the rewiring rate of the network. We call this collective phenomenon caused by rewiring the networkrewiring-induced coherence resonance ͑NRCR͒. On the other hand, the MFI-curve ͑bottom panel͒ also represents a nontrivial behavior but shows an opposite trend to S in that the same opt corresponds to the smallest interspike period, which is exactly the point to understand the best coherence of S. Note that the rewiring time interval to support sustained excitations is much smaller than the time scale of the interspike period. Actually, approximately 50 times of rewiring are needed to support one excitation.
We checked the effect of the rewiring probability P re . As illustrated in Fig. 2 , when the network is rewired with a larger probability p re , a larger value of is required in order to achieve the maximal coherence level and minimal interspike period. There is also an optimal rewiring probability, approximately at p re Ϸ 0.3, when the coherence factor S reaches the highest peak ͑black triangles in Fig. 2͒ . This implies that the network which is rewired to an intermediate extent would best benefit the coherence of spike trains. Besides, the minimal value of which is needed to support excitations in the network grows when more percentage of connections are rewired ͑larger probability p re ͒.
The coherent excitations in the network also depend nontrivially on the coupling strength g between the elements. Too small or too large values of g would not sustain the spike trains for the elements. Persistent excitations are supported only in the range 0.1ഛ g ഛ 0.3. The NRCR behavior would thus not take place when the coupling strength is too weak or too strong. Figure 3 depicts the distribution of coherence factor S in the g-plane. S reaches its peak roughly at coupling strength g Ϸ 0.2 and Ϸ 0.1. The randomness of the initial small-world network can be tuned by adjusting the probability p from regular ͑p =0͒ to small-world ͑0 Ͻ p Ͻ 1͒, and to completely random ͑p =1͒ networks. Our simulations reveal that the parameter p has no significant influence on the behavior of coherent excitations described above, i.e., the NRCR phenomenon is not dependent on the initial structure of the network. In fact, the network with the scenario of rewiring will tend to the Erdős-Rényi random network so that the initial topology has neglected effects. Nevertheless, the heterogeneity in the FHN elements of the network is crucial for the appearance of NRCR. The parameter a i in Eq. ͑2͒ determines the excitability and the stationary state of element i. To ensure persistent excitations and NRCR, a i should be inhomogeneous over the network.
In the above results, the size of the network and the number of the connections are both constant. We find that the rewiring-induced excitations in the network depend on the density of connections in the network as well. The connection density is characterized by the ratio of the number of currently existing connections to the number of all possible links, which reads = NK / C N 2 =2K / ͑N −1͒. We observe that a sparsely linked network is more efficient to induce sustain persistent excitations, i.e., NRCR appears only when the link density is relatively small. This can be represented by the effects of N and K, respectively, on the persistent excitations. As illustrated in Fig. 4 , for N ഛ 20 or K ജ 4, the persistent excitations are highly suppressed; especially when N = 10 and K =5 ͑the top and bottom panel͒ no excitations can be induced. The link density determines the degree of integrity of the network. A too densely linked network is highly united and any differences in the states of the nodes would diffuse fast and fade away quickly. The network would resort finally to the rest state. In sparse networks, rewiring can dramatically increase the number of new functional connections to ensure the appropriate intensity of effective noise.
CR behaviors have been reported from excitable systems driven by external noises or from systems influenced by intrinsic noises that lie close to the onset of Hopf bifurcation. The NRCR phenomenon is different from the conventional CRs in that it emerges without the influence of external or internal noises. Instead, the rewiring of connections is effectively equivalent to the role of noise. It is also different from the deterministic coherence resonance 20 in which the fast deterministic dynamics plays the role of effective noise. However, we can still understand the mechanism of NRCR based on the effective noise. As the excitability and stationary state of the nodes are inhomogeneous in the network, the random rewiring of links brings constantly random and temporary contacts between elements at different dynamical states. A node in the network is effectively affected by random perturbations. To characterize the effective noise, we directly define Int i ͑t͒ = g͚ j=1 N L ij ͑t͒x j as the intensity of the noise acting on node i and accordingly the intensity of the effective noise in the whole network can be defined as Int
Compared to Eqs. ͑1͒ and ͑2͒, this definition views the integrated inputs, including the interconnection architecture and its temporal change, of the whole system as the effective noise. Although certainly there are other modified definitions, this method of measuring the effective noise is easy and reliable to work out the mechanism of NRCR phenomenon. Figure 5 demonstrates that the dependence of the "noise strength" Int on is also tent-shaped for different p re . Particularly compared to Fig. 2 , it is noted that the optimal rewiring interval opt corresponding to the best coherence of excitations also ensures the largest effective noise intensity. On the other hand, we know that the FHN system has two characteristic times: the activation time t a and the excursion time t e and the firing interval is the sum of them. 11 In our simulations there is always t e Ϸ 4.5, namely the fluctuations of t e is negligible. For relatively strong effective noise the contribution of t e is dominant, which can be proved from the MFI-curve ͑bottom panel in Fig. 2͒ . For different p re , opt all correspond to the minimal value of MFIϷ 4.5, which en- 
013115-3
Rewiring-induced coherence resonance Chaos 19, 013115 ͑2009͒
sures MFIϷ t e so that the coherence factor S is largely determined by t e . Because of the same reason of the almost constancy of t e , S reaches the top value for the opt . However, according to the MFI-curve in Fig. 2 and Int-curve in Fig. 5 , the time scales of t a and t e are neck and neck for weak noises while the fluctuation of t a is relatively large. Therefore the coherence factor decreases.
Regarding different rewiring probability P re , as shown in Fig. 5 , opt always corresponds to the largest noise intensity and there exists an optimal P re to ensure the strongest noise as well. For the same reason that relatively larger noise intensity leads to better coherence of excitations, it is easy to understand the existence of the optimal rewiring probability p re Ϸ 0.3. We have also computed the noise intensity for different coupling strength g. It is shown that the trend of noise amplitude versus g and is similar to Fig. 3 . Coupling strength g that is too large ͑small͒, would make persistent excitations impossible since the effective noise amplitude is too large ͑small͒ to maintain the stability of spike trains ͑in-duce to exceed the excitation threshold͒. In our rewiring scheme, both ends of a connection are shifted to newly selected nodes, providing each FHN element the same opportunity to receive and respond to the effective noise induced by the random rewiring of the network. Simulations for the case that connections are rewired by shifting only one end to new nodes demonstrate that the amplitude of effective noise is much smaller, approximately equal to the value out of the domain of supporting persistent excitations corresponding to two nodes rewiring. As a result the phenomenon of persistent excitations is largely attenuated.
In conclusion, we have demonstrated a novel coherence resonance phenomenon with a network composed of excitable FitzHugh-Nagumo elements. It is shown that the dynamical rewiring process in networks can play a constructive role to induce collective coherent excitations. The rewiring of connections in the network can be viewed as effective noise, and resonance comes out at optimal and intermediate rewiring rates. The phenomenon reported represents an exceptional variation of CR behavior that has been investigated in a wide variety of systems. In the literature of the research on the evolving complex networks, our findings suggest a prominent influence of the topological structural changes that networks could bring on. 
